Abstract Ovsinsky (1899, https://www.rulit.me/books/novaya-sistema-zemledeliya-read-193251-1.
Introduction
Crop fields are sometimes cultivated on soils with a shallow freshwater table (line W 1 W 2 in Figure 1 ). This isobar is maintained either naturally by groundwater from an unconfined aquifer or by Kornev's (1935) subsurface irrigation. Hydrologically, such agro-engineering system illustrates the water use efficiencyconstrained dichotomy: soil water should be available to plant roots for transpiration, while evaporation from the soil surface (line S 2 S 1 in Figure 1 ), with ensued secondary salinization, is deleterious to the agroenvironment. The dilemma, formulated as an optimal control problem, is how to maximize (or maintain at the level of physiological requirements of a particular crop) the former and minimize the latter. In 1899, the Russian agronomist and philosopher Ovsinsky (It is noteworthy that Ovsinsky had to change even the title of some chapters of his book because of the animosity from his opponents in the academia. For example, his original title for section 1 of the book can be translated as "Self-reflection of plants" or even "Ontological endeavours of plants." Ovsinsky considered plants as biological creatures having a higher level of organization than animals (including Aristotelian animals). Ovsinsky drew the following political analogy: plants are republics and animals are monarchies. In the book, Ovsinsky also suggested to upgrade even the terminology: agronomy -> husbandry of plants as conscious and even intelligent creatures. Ovsinsky perpended on plants as creatures cognizant of farmer's agronomic actions. These Ovsinsky's ideas were vehemently opposed by the contemporaneous crop/plant scientists.) suggested and tested the technology of a no-till treatment of topsoil in semiarid crop fields. The main idea was very simple: to convert an initially homogeneous (quasi-homogeneous) soil body of a given thickness D between W 1 W 2 and S 2 S 1 into a twolayered composite (Figure 1 ). The plant roots uptake moisture from this composite, which is agronomically favorable. Evaporation from the soil surface, although relatively less (as compared with surface irrigation), is bad because it reduces the water use efficiency and causes secondary salinization, among other negative consequences. The Ovsinsky's thickness D of the unsaturated zone in Figure 1 was high enough to serve as an antievaporation sheath. This partially saturated layer also served in Ovsinsky's agronomy as a thermal insulator for the plant roots, provided they penetrate deeply from the superheated soil surface. This dual smart wetting and heatstress mitigation of the unsaturated layer has been corroborated by numerous data on improved harvest/biomass/plant morphologies for a variety of crops.
Mathematically, Ovsinsky (1899) minimized the evaporative flux, q, by making the hydrophysical parameters of a layer 2 of thickness B (Figure 1 ) different from those of the original soil (layer 1). From this viewpoint, historically, crop cultivation by practices including tillage, viz., plowing, harrowing (post-plowing dragging of a heavy frame set with teeth or tines to break up soil clods), spudding (rooting-digging out weeds by a sharp spadelike tool), mulching, and treatment of the topsoil with polymers, among others.
After most treatments, the topsoil of thickness B (Figure 1 ) becomes coarser than a substratum of thickness D-B (see, e.g., Bodner et al., 2015 , Connolly, 1998 , Fuchs & Hadas, 2011 , Hillel et al., 1975 , Mehari et al., 2011 , Minhas et al., 1986 , Strudley et al., 2008 , Verburg et al., 2012 . Rains or intensive sprinkling produce an opposite effect: a thin (few mm) soil crust (seal) forms due to the impact of water drops on a relatively fine bare soil surface (see, e.g., Mualem & Assouline, 1989) . The natural morphing of soils also results in a similar vertical stratification caused by illuviation, eluviation, lessivage, and cyanomat-lichen-moss development, among others (see, e.g., Felde et al., 2014) , which evolve over decades to centuries unlike a commonly annual soil treatment in agronomy. In any type of heterogenization, the engineered or natural porous rectangle M 1 M 2 S 2 S 1 has hydraulic and capillary properties that sharply or continuously contrast with those of the original subjacent soil in the rectangle W 1 W 2 M 2 M 1 (Figure 1 ).
In this paper, we consider ascending steady unsaturated flow (Figure 1 ) from an isobaric horizon W 1 W 2 through a two-layered rectangle W 1 W 2 S 2 S 1 . We use the unsaturated conductivity functions of Gardner (1958) , Willis (1960) , Warrick (1988), and van Genuchten (1980) for analyzing the relation q(B). We use modern computer algebra routines to integrate and solve systems of nonlinear equations and find extrema of q(B). We also simulate evaporation for the system in Figure 1 using HYDRUS-1D (Šimůnek et al., 2016) . We assume that flow is Darcian, one-phase (vapor/gas and solute motions, depositions, and dissolutions are neglected), and isothermal and that the stratified soils are isotropic (Warrick, 2003) .
We answer the following two (main) questions:
1. For a given texture (hydraulic and capillary properties) of each of the two strata in Figure 1 and for a fixed D, is there an optimal depth B that minimizes the losses q? 2. For fixed B and D, can one optimize the texture of the upper layer with an objective of reducing q?
It is noteworthy that for saturated steady flows for which the governing equation is linear, similar optimization problems have been recently analytically solved for 2-D flow (Kacimov & Obnosov, 2018) . For unsaturated flows studied below, the nonlinearity of the governing (Richards) equations makes 2-D analytical solutions in composite soils prohibitively complex.
Analytical Solutions
As in Gardner (1958) , Warrick (1988) , and Willis (1960) we assume that along W 2 W 1 in the first soil layer, the pressure head p 1 = 0. Moisture is lifted by the capillarity of two layers from W 2 W 1 to a dry soil surface. Gravity and the Darcian resistance of both layers oppose the evaporation-maintained suction.
For most rain-fed and traditionally irrigated soils in agronomy and land surfaces of arid catchments in hydrology, evaporation is a transient 2-3 stage process (actually, a phase in soil water redistribution). The boundary conditions for moisture content or suction pressure at S 1 S 2 in real fields vary with time, depending on plants' physiological stages and root evolution, atmospheric conditions (relative humidity of the air, its temperature, wind speed, and solar radiation), desiccation of the topsoil and fluctuations in the locus of the water table (see e.g., Boast & Simmons, 2005; Jalota & Prihar, 1990; Stewart & Broadbridge, 1999) . In models, this requires solving nonlinear transient partial differential equations (PDEs) for each soil layer, taking into account generally hysteretic constituting relations (phase relative permeabilities and capillary pressure functions) imbedded in those PDEs. Consequently, simplifications and approximations of the corresponding boundary value problems (hereafter abbreviated as BVPs) are common (e.g., see Assouline et al., 2014; De Luca & Cepeda, 2016; Warrick, 1988) . Field and laboratory studies of transient evaporation are performed using lysimeters, tensiometers, theta-probes, sigma-probes, thermometers, and other instruments to measure and assess moisture, solute, and temperature dynamics in soils. Mathematical models combine soil physics, shallow aquifer hydrology, and the near-surface atmosphere (e.g., see Al-Shukaili, 2018; Ehlers & Van Der Ploeg, 1976; Geng & Boufadel, 2015; Hillel & Talpaz, 1977; Khan, 1988; Li et al., 2016; Malik et al., 1992; Novák, 2012; Sadeghi et al., 2014; Soylu et al., 2011; Xiao et al., 2010; Zarei et al., 2010) . Civil engineers most often ignore the plants and address the transient desiccation of clay liners. Engineers solve the same BVPs as agronomists but are mainly interested in cracking of layer 2 (in Figure 1) ; for them, q is of a minor concern. Correspondingly, their models of unsaturated flows with evaporation utilize PDEs that account for soil swelling and shrinkage (see, e.g., Zhou & Rowe, 2005) .
As in Gardner (1958) , we assume that the soil surface S 1 S 2 has a constant negative pressure head p 2 = −p s and that p s = const > 0. Gardner (1958) suggested several simple equations k(S) for the unsaturated hydraulic conductivity k as a function of the suction head, S (p = -S), which were followed by the Brooks-Corey, Campbell, Fredlund, Kosugi, van Genuchten-Mualem, and other empirical k(S) functions. Below, we answer a question from the Introduction by selecting two Gardner's formulas, viz., exponential and algebraic k(S) functions, which we call the G-E and G-A equations (in Gardner, 1958, equations (8) and (11), correspondingly). Gardner and Fireman (1958) stated that "… the steady-state rate of evaporation from a soil surface mulch should be inversely proportional to the thickness of the mulch" and experimentally quantified this monotonic reduction in evaporation (see Figure 7 in their paper). However, in their experiments, D was not fixed, and the observed decrease in q due to adding more sand on the top of loam seems trivial. Similarly, a decrease in evaporation through homogeneous or layered soils when the water table in Figure 1 drops, i.e., D increases (see also Ripple et al., 1970, their Figure 9 ), is also trivial. Indeed, with an increase in the thickness of a layer that conducts water, heat, electricity, and contaminants (according to the Darcy, Fourier, Ohm, Fick, and other resistivity laws), the flux of a corresponding substance always decreases if a layer is thickened, provided boundary conditions of a flow tube are kept (see Goldshteĭn & Entov, 1994; Polubarinova-Kochina, 1962) . The theoretical support of a monotonic decrease of q with B at a constant D can be inferred from Gardner (1958) , who considered the upper mulch layer to be a purely vapor conducting entity.
Willis (1960) extended Gardner's work and conducted an approximate theoretical analysis of steady evaporation (using the G-A equation) through a two-layered soil identical to that in our Figure 1 . From Willis' Figure  8 , for example, for D = 200 cm, one can already determine the nonmonotonic dependence of evaporation losses on the mulch thickness (our B), although the five Willis' curves at this D are cluttered. Figure 9 of Willis (1960) presents the results of column experiments that also indicate the nonmonotonicity of q(B) at a fixed D. However, Willis did not systematically solve the problem of detecting the value of B that delivers an extremum of q. That would require a continuous variation of B (or, in Willis' vernacular, the position of the water table). Willis' experiment also manifests that at fixed B and D the flux q depends on the textural composition of his layered columns in a rather non-trivial manner.
In the field and lab experiments, agronomist and hydrologists found (see, e.g., Assouline et al., 2014; Ehlers & Van Der Ploeg, 1976; Jalota & Prihar, 1990; Klocke et al., 2009; Larson et al., 1983; Price et al., 1998; Prihar et al., 1996; Schwartz et al., 2010; Unger & Cassel, 1991; Willis & Bond, 1971; Wuest & Schillinger, 2011 ) that the layering of soil (by mulching, harrowing, spudding, tillage, machine-induced compaction, and by natural crust-seal formation) may both decrease and increase evaporation, which is apparently at odds with Gardner (1958) .
We will now prove that the simplest possible Gardner (1958) Water Resources Research moisture interception by plant roots), can explain the above-cited seemingly recalcitrant and incongruous results. Namely, we illustrate that q(B) can be a single-extremum function for the flow sketched in Figure 1 . The nonmonotonic function q(B) corroborates the positive, negative, or no-impact of soil layering on evaporation.
We utilize modern computer algebra to solve ordinary differential equations (ODEs) and nonlinear equations involving numerical integrations (special functions), which Bakr et al. (1979) , Gardner (1958) , Gardner and Fireman (1958) , Ripple et al. (1970) , Salvucci (1993) , Shi et al. (2014) , Warrick (1988) , Warrick and Yeh (1990) , and Willis (1960) , among others, faced when analytically studying evaporation through homogeneous and layered soils. In a sense, we have realized the program of Hillel et al. (1975) , who, after numerical simulations of two-layered soils, stated the necessity to optimize heterogeneity of soils, in particular, mulching parameters (see also Al-Maktoumi et al., 2014; Betti et al., 2016) . Along with the determination of the extrema of q(B) for a two-layered composite in Figure 1 (with a G-E or G-A constituting relation in both layers), we extend our analysis to continuously heterogeneous soils.
G-E Conductivity Model for Two-Layered Soils
To be consistent with Philip's (1969 Philip's ( , 1991 conventions, in this section, the direction of the vertical axis OZ is positive downward, with the origin O at the soil surface. We assume that both soil layers in Figure 1 are characterized by the dyads of the saturated hydraulic conductivity and the sorptive number (both are positive constants within each layer), (K 1 ,α 1 ) and (K 2 ,α 2 ), which are routinely determined in the lab (see, e.g., Wendroth & Wypler, 2008) or field (e.g., by tension infiltrometry), as well as from pedotransfer functions or stochastic models (e.g., Lu & Zhang, 2004) . The unsaturated conductivities obey the relations
where p 1 (z) and p 2 (z) are the pressure heads (negative) in the corresponding layers of Figure 1 .
The Darcy law states that
where v 1Z = v 2Z = q are Philip's notations for the vertical Darcian velocities. Ripple et al. (1970, p.34 ) gave a hydrological balance rather than an agronomist's perspective of evaporation through stratified soils: "Often, the only information sought is the dependence of the soil-limited evaporation, upon the water table depth." We will also focus on q.
Along the interface M 1 M 2 , the continuities of pressure and flux require that p 1 = p 2 and v 1Z = v 2Z = q = const.
Following Philip, we introduce the Kirchhoff potentials in the two layers:
From the conservation of mass, we have two linear ODEs:
The Kirchhoff potential is not continuous across M 1 M 2 ; from the continuities of pressure and flux along this line, we obtain two equations,
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which serve for the determination of ϕ 1 (B) and ϕ 2 (B). We introduce dimensionless values:
and q* = q/K 1 , which are slightly different from commonly used by Philip, Raats, Warrick, and others (see e.g., Blunt, 2017; Warrick, 2003) because we vary the capillary properties of the layers keeping D constant. We will drop "*" for the dimensionless quantities.
First, we solve two BVPs for equation (4) with the corresponding boundary conditions ϕ 1 (1) = 1/α 1 , ϕ 2 (0) = ϕ 2s , and p 1 (B) = p 2 (B):
From equation (6) we determine the flux:
From equations (5) and (7) we obtain
Substituting (8) into the right-hand side of the first equation (5) we obtain a nonlinear equation with respect to ϕ 1 (B). This equation is solved by the FindRoot routine in Wolfram's Mathematica. We placed the found root back into the first equation (7) and obtained the flux v 1Z as a function of (K,α), that is, of hydrauliccapillary properties of the two soils, thickness B, and the potential at the soil surface ϕ 2s (a constant determined by the atmospheric conditions). Figure 2 shows the modulus |v z | as a function of B for a mulch material with K 2 = 100, α 2 = 4, α 1 = 0.4 and an absolutely dry soil surface S 1 S 2 that corresponds to ϕ 2s = 0. In prescribing this boundary condition at the soil surface, we followed Philip (1991) . He also assumed that the soil surface is absolutely dry that gave the upper bound of evaporation losses. Physically, evaporation through a very dry soil is prevalently in a vapor form, with a minor contribution of liquid motion through corner zones of pore channels, which Blunt (2017) modeled as triangles. Philip (1991) still used Richards' equation in domains with a dry-soil boundary condition.
The minimum of |v z |, q m = 0.47, is attained at B m = 0.21. The minimum in Figure 2 is quite pronounced. Similarly, optimal Bs were obtained for other K 2 , α 2 , α 1 of the G-E model. Figure 3 shows |v z | as a function of B of the topsoil, which is less permeable and has higher capillarity than the substratum: K 2 ¼ 0:5; α 2 ¼ 4; 
; and ϕ 2s ¼ 0 . For this composite, the magnitude of the flux attains a maximum, q M = 0.0095, at B M = 0.6. The minimum, q m = 0.0035, is attained at B m = 0. Consequently, in this case, the fine top layer of any thickness (e.g., created by the above-mentioned soil crusting) would evaporationally spoil a coarse homogeneous background soil. This is contrary to what Ripple et al. (1970) found for a two-layered (crusted) soil: "… a relatively thin less permeable layer may markedly decrease evaporation rates" (see their Figure 9 ). In Ripple's Figure 9 , the curves for q at small B (in our notation) for two-layered soils are indistinguishable from those of a homogeneous soil. That may be caused by an insufficient accuracy of Ripple's iterative solutions of the nonlinear equations. Indeed, half a century ago, before the advent of computer algebra, it would not have been easy to detect the extrema in our Figures 2 and 3.
We note that Kumar (1999) also found minima of the function |v z (B)| for a coarse upper stratum, as in our Figure 1 . However, Kumar's computations were cumbersomely indirect; he numerically (using a finite difference method) solved a transient Richards' equation and considered a steadystate limit with the same boundary conditions as in our analytic solution. He obtained that limit for a few values of B. In our computer algebra code, the q(B) curves and extrema on them are found in a trice.
G-A Conductivity Model for a Two-Layered Soil
In this section, we select algebraic functions rather than G-E equation (1):
where, for consistency with Gardner-Warrick's notations, we use the suction pressure heads S 1,2 = −p 1,2 and a vertical coordinate OZ G , with an origin at the water table (Figure 1 ). This axis is oriented upward such that q = v z is now co-oriented with OZ G . In equation (9), the triads (a 1,2 , b 1,2 , and n 1,2 ) are composed of mathematically arbitrary positive constants that characterize the two soil layers in Figure 1 . Equation (2), with (9) inserted, separate and are integrated as
Obviously, S 2b = S 1b (the suction at the interface is continuous). This constant, as well as q, must be found.
We introduce dimensionless values Z
and drop the "*". Equation (10) is then integrated by the Integrate routine in Wolfram's (1991) Mathematica as
where F is the hypergeometric function 2 F 1 .
Since Gardner (1958) , (We recall that Gardner himself generalized the earlier Wind and Remson-Fox empirical k(S) functions.) soil scientists have studied approximate solutions of equation (10) and exact solutions for various special cases of the G-A function, for example, n = 1, 3/2, 2, 3, and 4, for which the integrals layer 2 is Willis' sand: n 2 = 4, a 2 = 1.7 · 10 8 cm 4 /day, b 2 = 2.6 · 10 6 cm 3 , and K 2 = 68 cm/day (curve 2). The soil surface is extremely dry.
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Water Resources Research in (10) are evaluated in arctan-log functions. These quadratures were subject to several inversions Z G (S) → S(Z G ) in expression (11); e.g., see Bakr et al., 1979; Ripple et al., 1970; Salvucci, 1993; Shi et al., 2014; Warrick, 1988) . Using Mathematica, a systematic solution of nonlinear equations involving special functions and a continuous variation of all involved parameters (n, a, and b in (9) and S s , B, and D in the BVP for an ODE) is a standard procedure for any n. Consequently, we set S 1 = S 1B and Z G = 1-B and S 2 = S s and Z G = 1 in the corresponding first and second equations (11). We solved the obtained system of two nonlinear equations with respect to the pair (S 1B , q) using the Mathematica FindRoot routine (We recall that at n 1 = n 2 = 2 for the clay-like layers in Figure 1 , the suction head S 1B along the interface is explicitly expressed through q, and the system (11) is simplified to one nonlinear equation with respect to q, analogous to the case of the G-E functions from section 2.1.).
Examples
We first consider D = 20 cm and use the Gardner and Fireman (1958) data for soil properties; layers 1 and 2 in Figure 1 are Yolo clay and Pachapa sandy loam, for which the corresponding dimensional parameters in equation (9) In the second example, layer 1 is the Diablo loam from Willis (1960) , for which n 1 = 2, a 1 = 700 cm 3 /day,
, and K 1 = 0.48 cm/day, and layer 2 is Willis' riverbed sand. We varied D from 20 to 15 cm. The corresponding curves of q(B) are shown as curves 1 and 2 in Figure 5 . Again, as in Figure 4 , both curves in Figure 5 have minima (we computed the minima using the FindMinimum Mathematica routine) at approximately the same dimensionless B m = 0.02. The minimum q m increased significantly (from 2.4 to 3.4) with an decrease in D. We recall Hadas' (1997) conclusion: "Tillage-produced 'soil mulch,' a structured soil layer, reduces soil water evaporation in a similar manner to plant residues mulch, provided its aggregate sizes range between 8.3 and 5.0 mm diameter and its depth is between 5 and 10 cm."
In the third example, we selected two claylike layers, the Diablo and Yolo soils, as layers 1 and 2. In Figure 6 , curves 1 and 2 show q(B) at D = 20 cm and 15 cm, respectively. In comparison with Figure 5 , much more pronounced minima were attained at B m = 0.54 and 0.52.
In the fourth example, a homogeneous Diablo clay with D 0 = 48 cm had q 0 = 0.84. The subscript here indicates the soil which is either thickened or heterogenized in the following manner. We compared two types of melioration of D 0 : thin mulching with the addition of Willis' sand of thickness B = 2 cm on the top of the clay (making D = 50 cm) and hallowing, which converted a layer of thickness B = 10 cm into a pseudo-Yolo clay (11)) we get for the former q 1 = 0.7 and for the latter q 2 = 0.74, these composites reduce evaporative losses by approximately 17 and 12%, respectively, compared with a homogeneous soil.
Average Suction in the Composite
The distributions S(Z) in Figure 1 can be immediately obtained by inverting equation (11) using Mathematica routines. Here we introduce the vertically averaged values of the capillary pressure head in the strata of Figure 1 :
We computed the integrals in (12). For the example of the Diablo-Yolo clay (D = 20 cm, curve 1 in Figure 6 ), CP m = 34.8 for the minimal-q composite.
Continuous Variation in Soil Properties With Depth
Do the minima for q occur in soils with continuous variations in hydraulic properties with Z? In this section, we return to the G-E model and Philip's vertical coordinate convention in Figure 1 . Now we assume that
, where K 0 (Z) and α(Z) are two given functions. For simplicity, we assume that these two functions are correlated according to an empirical function from Communar and Friedman (2015) :
where K 0 (Z) is in cm/hr, α(Z) is in 1/cm, and C a is in h 1/2 /cm 3/2 . There are numerous pedotransfer functions and other empirical relations between K 0 (Z) and α(Z), which can be used instead of equation (13). For arbitrary K 0 (Z) and α(Z) in equation (13), the first-order ODEs (2) cannot be integrated in the form of Z(p) as in Gardner (1958) , Willis (1960), and Warrick (1988) . Instead, we must numerically solve a BVP for an ODE (e.g., see Salvucci, 1993) :
This is easily done using the Mathematica NDSolve routine, but integration in quadratures is not possible.
There is still some room for explicit integration of (14) if we expand the exponent there into a Taylor series and retain the first two terms (also see Barontini et al., 2007 , for a similar linearization of Richards' equation with the G-E k(S) in transient evaporation models). This linearization reduces (14) to a linear ODE: dp
A general solution of BVP (15) is
The constant of integration c = p s here is due to the boundary condition at Z = 0. Using the boundary condition at Z = D in (15), we obtain the following nonlinear equation with respect to v Z :
For a given particular K 0 (z), we can reduce a nonlinear integral equation (17) Water Resources Research
we get
We used the FindRoot routine in Mathematica to solve equation (19) with respect to v z . , and C a = 0.04 h 1/2 /cm 3/2 for three values of suction, p s = −1,000, −10,000, and −100,000 cm (curves 1-3, respectively).
If we retain the third (quadratic) term in the Taylor series expansion of the exponential function in (14), then the BVP for the nonlinear ODE is dp
We solved (20) using the NDSolve Mathematica routine in the same manner as the nonlinearized BVP (14). It is noteworthy that NDSolve and FindRoot use numerical evaluations (see Wolfram, 1991) for integration and root finding, which fail if the initial guesses are poor (we skip over examples of such types of crashes for the routines in our computations).
HYDRUS-1D Simulations
In this section, we use HYDRUS-1D (Šimůnek et al., 2016) , a public domain software that solves the governing water flow (Richards) equation using the finite element method. In all transient flow simulations, time, t, is in days and the vertical size of two-layered columns is in centimeter. We use several default HYDRUS options: no vapor flow, the VGM capillary pressure and phase permeability functions, and the HYDRUS Soil Catalogue.
The column in Figure 1 is composed of clay (stratum 1) and sand (stratum 2).
As in the analytical solution of section 2 we fixed the total thickness D = 20 cm (HYDRUS-1D works with dimensional quantities). An finite element mesh discretizes it into 500 elements in the vertical, Z H , direction. The bottom and top boundary conditions are constant pressure heads p = 0 and p s = −10,000 cm, (18); the sorptive number is correlated to K 0 according to (13). Curves 1-3 correspond to three values of suction, p s = −1,000, −10,000, and −100,000 cm (curves 1-3, respectively).
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Water Resources Research respectively. Initially, the pressure head is distributed hydrostatically between these two values. Simulations are run for t = 20 days during which steady-state evaporation from the water table is established. Because of the very steep retention curve of the default sand, when small changes in the water content correspond with large changes in the pressure head (for sands the pressure head can fluctuate from −100 to −10,000 while still being within the default HYDRUS-1D water content tolerance limit of 0.001), the water content tolerance was reduced to 1.e −5. We also disabled the internal interpolation tables to get more precise results. The steady-state and transient surface fluxes at the top of the soil column computed using HYDRUS-1D are plotted in Figure 8 as a function of the thickness B (top) and for three values of B = 1, 6, and 18 cm (bottom), respectively. In notations of Figure 2 , the results are |v z | = 0.114, 0.1003, and 0.320 cm/day. Therefore, at the mulch thickness B = 6 cm a minimum (actually, a pseudo-minimum for these three discrete values of B) is attained. We surmise that the minimum is unique, global, and close to the pseudo-minimum. Thus, the analytically found extremum in Figure 2 for Gardner's bare soils and finite difference method extrema found by Kumar (1999) are qualitatively corroborated by FEM simulations for VGM two-component composites.
The effect of uptake by plants' roots on water flow and the water content distribution along the unsaturated soil profile often prevails over a purely capillary flow. In order to quantify this juxtaposition of evaporation, transpiration, and variation of the thickness of our composite we used the root water uptake (RWU) model in HYDRUS-1D, assuming a grass with a uniform root distribution throughout the profile (0 < Z G < 20 cm in Figure 1 ), Feddes' stress response function, and potential transpiration of 0.5 cm/ day. The results are shown in Figure 9 (for discretely varied B = 2, 4, … 16, 18 cm) and evidence the following. The total evapotranspirative flux still has a global minimum with B as for pure evaporation.
For small thicknesses of sand, there is no evaporation and only RWU declining with the sand thickness. Once the profile is mostly sand (14-18 cm), there is a further reduction in RWU, while the profile starts evaporating. It is noteworthy that the RWU curve in Figure 9 exhibits a startling, hardly expected behavior: a global end-maximum at B = 2 cm, a global end-minimum at B = 18 cm, and two internal extrema, viz., local maximum and minimum.
Concluding Remarks
We examined a 1-D ascending flow through an unsaturated two-layered soil in Figure 1 . Analytically, we did not study soils' transient multistage drying but rather analyzed a steady-state evaporation from a stationary isobar (water table) , as Gardner, Willis, and Warrick did. For each stratum in Figure 1 , we used the Gardner (1958) exponential and algebraic functions for the unsaturated conductivity-suction pressure head k(S), which are characterized by dyads and triads of empirical soils' constants. We employed modern computer algebra routines (solutions of systems of nonlinear equations, integration, finding minima, and evaluation of hypergeometric functions) to determine the constant evaporation flux q as a function of the thickness B of the upper stratum of the unsaturated zone. We interpreted this texturally contrasted stratum as mulching/tillage and illustrated that q(B) might have nontrivial minima 
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Water Resources Research (q m , B m ) if the total composite thickness D is fixed, a fact found numerically by Kumar (1999) . Numerical simulations in HYDRUS-1D for the van Genuchten soil properties qualitatively corroborate the analytical results, viz., for a fixed total thickness of a two-layered soil a certain thickness of the upper coarse layer minimizes an evaporative flux from bottom isobar to a top one. A HYDRUS-simulated example with Feddes' grass uptaking moisture from the soil composite illustrates nontrivial extrema of the global flux from a shallow water table and of the transpiration due to water uptake by plants' roots.
The reduction in q by shallow (1-2 inches of B in Figure 1 ) spudding/harrowing (without traditional tillage) was tested by Ovsinsky (1899) and later replicated and developed for various climatic and agronomic conditions (Allen, 1981; Faulkner, 1943; Friedrich et al., 2014; Kassam et al., 2018; Maltsev, 1954; Novakovska et al., 2018; Verhulst et al., 2010; Yadav et al., 2018) . Along with many other advantages (including a better aeration of the root zone, circadian condensation of the dew in the B-layer of Figure 1 , better nitrification and ensued reduction or the elimination of the application of agrochemicals, and more prolific activity of soil microbes), this no-till technology in semiarid climates preserves more moisture in the root zone. No-till or shallow soil treatment technology is, of course, not a panacea in agronomy (constraints and drawbacks are discussed, for example, by Garmashov, 2018; Pykhtin, 2017; and Turusov et al., 2018) . Indeed, even if solely evaporation losses are a mathematical criterion, the minima in Figures 2 and 8 are rather mild, that is, even optimal mulching only moderately reduces the ascending flux.
